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ABSTRACT
The objective of this research is to design a larger submicron linear polarizer in the nearinfrared wavelength range with a wide bandwidth which can be fabricated using the conventional
thin-film microfabrication technology to reduce cost. For this purpose, a gold (Au) wire-grid
transmission-type transverse-magnetic (TM) polarizer and a silicon (Si) wire-grid reflection-type
TM polarizer, were designed using the guided-mode-resonance filter. The Au wire-grid TM
polarizer of 700nm grating width and 1200nm grating period has 95% transmittance at 2400nm,
more than 1000nm resonance peak bandwidth, and an extinction ratio (ER) of around 300 with
a moderated level of sidebands. The 700nm grating width and 1200nm grating period satisfied
the microfabrication requirements and achieved the low-cost objective of this research. The ER
increases with increasing the wire grid thickness but in this case, its resonance peak moves to
longer wavelengths. A cavity resonance existed for the first time between two adjacent wire grids
when the grid thickness is greater than 800nm. The Si wire-grid polarizer of 500nm grating width
and 1400nm grating period has two high transmission bands, one at 1500nm-1950nm with a 40%
transmittance and the other at 2100nm to 3500nm with an above 95% transmittance. However,
this Si wire-grid polarizer has a low extinction ratio and very noisy sidebands. Optimizations of
these polarizers were performed by changing their periods, wire grid widths, and thicknesses
using the COMSOL wave optics simulation tool. The benefit of using this tool is that besides zeroorder diffraction, 80 to 120 higher-order diffractions can be included to simulate submicron
polarizers to yield more realistic simulation results.
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CHAPTER ONE: INTRODUCTION
1.1 Motivation:
In recent years, because of urbanization air pollution has become a worldwide issue. Especially,
the presence of particulate matter (PM) that are extremely small particle or aerosol in the
atmosphere. Among these, fine and coarse particles exacerbate air pollution health effects. The
fine particles are PM2.5 particles since these are the size of 2.5µm or less. The coarse particles
are PM10 particles because of their size of 10µm or less. Especially the presence of PM2.5
particles has made the air quality even more deteriorated because it can easily penetrate in
human lung and heart through the respiratory system. These particles have different short-term
and long-term effects on children, elderly persons, and people who are already prone to any lung
and heart diseases. Besides different short-term effects, it reduces the lung and heart function,
worsens any existing disease. It may even cause the premature death of people who already have
different heart and lung diseases.
The main source of this PM2.5 particle is wood-burning stoves, diesel engines, cars and buses,
non-road vehicles, industry, forest fires, and other natural sources.

According to US

Environmental Protection Agency (EPA) report [1], the amount of 0 to 12µg/m3 PM2.5 particles
in the air is harmless but the more it increases, especially after 35µg/m3 amount, it becomes lifethreatening. Due to the particle pollution, 4000 persons were killed in London in December 1952
[2]. According to the World Health Organization’s report [3], poor and developing countries are
more prone to suffer this particle pollution. In different US cities, the concentration of PM2.5
particles is nearly 10µg/m3 but in many cities in India and China, this amount is around 100µg/m3.
Some countries like Africa, proper data have not been even sufficiently collected yet.
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To solve this particle pollution issue, it is important to measure the density of dust particles,
especially PM2.5 particles, in the air. Polarization CCD cameras have been used to monitor
weather, aerosol, and overall earth atmosphere for a long time by using sunlight. To detect PM2.5
particles using this technique, the effective wavelength spectrum is near-infrared and the vital
part of this system is a near IR polarizer. The instrumentation of this polarization CCD camera is
already developed but the problem is the high cost of the linear IR polarizer. The wide wavelength
IR polarizers are inexpensive due to its low microfabrication cost but the near-infrared polarizers
are still expensive because of its nanofabrication cost. The purpose of this research is to design
and fabricate a linear polarizer at a low cost with the operational wavelength in the near-infrared
region.
1.2 History:
Polarizers are used in different optical instruments, filters, military equipment etc. for a long
time. Initially, most of the polarizers were only material based. Examples are uniaxial Calcite
crystal, stretched polymer, Ag glass, a stack of dielectric, etc. [4] Later on for new applications,
polarizers of different operational bandwidth were needed which created the opportunity of new
research. The mechanisms of polarizer have been changing then. In modern days, besides using
different materials, different polarizer structures are being investigated. Wire grid, waveguide,
metamaterial, photonic crystal, etc. are examples of modern technology-based polarizers.
In ref [5-20], different metamaterial structures as a polarizer or filter and their theories are
explained. Split ring resonators are a very common type of metamaterial structure for a polarizer.
Besides single ring, double ring resonators of circular and rectangular shapes have been also
designed. The size of these ring resonators varies with their operational wavelength. To design a
2

filter that has an operational wavelength at near-infrared (NIR) region, it must have a nanometer
feature size. An L shaped metamaterial structure [7] with the minimum feature size of 100nm
was reported with its spectrum in the NIR range. In [12-18], different types of double-sided or
planar structure polarizers were reported but all of these structures show chirality that means
these designs are for a circular polarizer. Moreover, their feature sizes were related to
operational wavelengths. As for an example in [17], the operational wavelength is in the visible
and near IR range but its minimum feature size is 60 nm. Another promising metamaterial
technique is a stack of different multi-layer [19-20]. Especially the one mentioned in ref [20] is
for near IR but the minimum feature size is 120nm and this one is similar to the wire grid polarizer
as well which will be explained next.
The wire grid polarizer was used after the late 1800s [21]. Due to the demand for different
types of applications, this type of polarizer became popular since it is comparatively easier to
fabricate [22-28]. Initially, it was just a single layer but later on, the doubled and multilayer wire
grid polarizers were fabricated since the multi-stack wire grid increases the extinction ratio (ER).
Such types of double and multilayered wire grid polarizers are reported in [29-31]. Some
fundamental wire grid guided-mode-resonance filter based near IR polarizers are reported in [3238]. All of these near IR polarizers are either nanometer minimum feature size with a wide
bandwidth or a submicron feature size with a narrow bandwidth. Those with the nanometer
minimum feature size is expensive to fabricate. In [31], a very wide-bandwidth high
transmittance polarizer was reported but its period was 280nm with a wire width of 170nm. In
[32], another polarizer was reported with a period of 2.11µm and a wire width of 200nm, a
transmittance of 80% with a 500nm bandwidth.
3

1.3 Overview
The primary purpose of this research is to design a submicron minimum feature sized polarizer
that has a high transmittance, wide bandwidth, and moderate level of extinction ratio. A
submicron feature sized polarizer is desired because cheaper conventional microfabrication
processes can be used in its fabrication in comparison to the expensive nanotechnology
fabrication processes. To achieve these requirements, two guided-mode-resonance (GMR) filterbased polarizers have been designed with both the wide bandwidth and high transmittance. The
operating wavelength of these polarizers is at the NIR region and it has a submicron minimum
feature size. The first polarizer is a transmission type that consists of Au wire grids and the second
polarizer is a reflection type that consists of Si wire grids. A COMSOL wave optics simulation tool
that includes all possible higher diffraction orders was used to obtain realistic simulation results.
First, the basic theory of GMR polarizer is discussed in Chapter Two. The GMR device is a
combination of the waveguide and grating structure where the incident light is coupled from the
grating cover to its substrate through its grating structure. To understand the mechanism of GMR
polarizer, it is essential to know the theory of waveguide, different types of coupling, and the
condition of guided-mode resonance. The grating equation is plotted for both the Au and Si wiregrid polarizers. By using this graph, the relations of material, period, and resonance are explained.
In this research, this grating equation plot is drawn for the Au material that has a complex
refractive index. In previous work, this has been done for dielectric or other material with the
real values of the refractive index.
Chapter Three is dedicated to the COMSOL simulation software and the procedures to model
the polarizers using the COMSOL wave optics module. The finite element analysis (FEA) is
4

discussed first since it is the basic computational process. After that, a very detailed procedure
of simulation in COMSOL is given to ensure that these simulations can be repeated by other
researchers. The modeling procedure includes the parameters defining, geometry drawing,
material defining, mesh size, boundary conditions, simulation, and result from analysis. This
procedure is adopted in all the simulation results.
In Chapter Four, the simulation results of the two GMR polarizers are reported. The Au wire
grid polarizer is a transmission type GMR polarizer while the Si wire grid is a reflection type GMR
polarizer. Optimizations are performed by changing the periods, widths and thicknesses of the
wire grid to achieve a high transmission with a wide bandwidth as well as a moderated extinction
ratio (ER) at NIR wavelengths.
The effects of different parameters on the polarizer resonance are discussed in Chapter Five.
First, the effects of the period, wire width and thickness of these two GMR polarizers are
explained. According to the grating equation, a wider period moves the resonance to wider
wavelengths while an increased wire grid thickness causes more diffractions and moves the
resonance peak to wider wavelengths. Then, a brief comparison is performed between the
optimized results of the Au wire grid and Si wire grid GMR polarizers to other works. In the Au
wire grid GMR polarizer, a reduction of the transverse electric (TE) wave transmission due to the
increased wire grid width is explained. The wire grid thickness effects are also explained along
with a description of cavity resonance present in the Au wire grid GMR polarizers with a thick
wire grid.

5

Chapter Six summarizes the achievements obtained in this research. This includes the
successful design of wide bandwidth, high transmittance submicron feature sized NIR GMR Au
wire-grid polarizer. A cavity resonance was found to exist in these GMR polarizers with a large
wire grid thickness. The use of the COMSOL wave optic module and the ability to include all
higher diffraction orders to successfully simulate GMR polarizers is another achievement.

A

grating equation for the Au grid GMR polarizer using a complex refractive index was also shown
for the first time.
A journal manuscript was published in "Submicron guided-mode-resonance filter for wide
bandwidth near-infrared polarizer," Optical Engineering 59(1), 014116 (30 January 2020). © 2020
Society of Photo-Optical Instrumentation Engineers (SPIE) 0091-3286/2020/$28.00 © 2020 SPIE
[39].

6

CHAPTER TWO: THEORY
In this research, a polarizer has been designed which has an operating wavelength at NIR
region. The primary application of this polarizer is for the polarization CCD camera to detect
PM2.5 particles in the air using the sunlight. The sunlight is a combination of different linearly
polarized electromagnetic waves and due to this linear polarization property of sunlight, the
designed polarizer also has to be linear. In this chapter, the polarization property of wave and its
use in particle detection and theory of diffraction grating-based polarizer are discussed.
2.1 Polarization:
Polarization is the electric field orientation of an electromagnetic wave. According to the efield orientation pattern, polarization can be either linear, circular, or elliptical.

Optical

components behave differently under different polarized waves when their sizes are comparable
to their wavelengths.
Linear Polarization [40]:
If the electric field of the wave is always on a constant plane and oscillates only on that plane,
it is a linearly polarized wave. In the linearly polarized wave, the direction of the e-field does not
change, only its amplitude changes as shown in Figure 2.1. This is the basic type of polarization
because all other polarizations are created by this polarization. The polarization state will be
orthogonal to the wave vector, k and there are two orthogonal directions which can be defined
by x and y. If the polarization plane angle is α, the polarization state, P can be expressed as
P = sinαx̂ + cosαŷ, where x ⊥ y ⊥ k ......................................... (1)
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E field trace

Figure 2.1 The electric field pattern of a linearly polarized wave
Circular Polarization [40]:
In a circularly polarized wave, the e-field oscillation direction changes in a circular pathway and
the amplitude never changes. According to the direction of the circle, there are two types of
circular polarization, left-handed and right-handed. The electric field of a right circular polarizer
and its trace are shown in Figure 2.2. Circular polarization is formed by two linearly polarized
waves with their e-fields out of phase from each other. The circular polarization is expressed as
P = x̂ ± jŷ ...................................................................................... (2)

E field
trace

Figure 2.2 The electric field pattern of a right-handed circularly polarized wave
Elliptical Polarization [40]:
Similar to the circular polarizer, if the e-field oscillates in an elliptical pathway, it is known as
an elliptical polarization. The electric field of a right-handed elliptical polarizer and its trace are
shown in Figure 2.3. This elliptical polarization is also a special combination of the linearly8

polarized wave. Mathematically, linear and circular polarization are a special case of elliptical
polarization. The circular polarization happens if the ellipticity or eccentricity is 1 and in case of a
linear polarization it is 0.

E field
trace

Figure 2.3 The electric field pattern of a right-handed elliptically polarized wave
Jones’s vector [41]:
The incident light can be defined as E (z, t) which is propagating in the z-direction. If the
frequency is constant, the phases in the x- and y-directions are ϕx and ϕy , at z=0 the incident
light wave can be expressed by using the Jones vector and in COMSOL the polarization states are
defined in this way.
𝐸=[

Ex ejϕx
] ................................................................................. (3)
Ey ejϕy
2

The intensity of the wave is written as I = |Ex |2 + |Ey | = E ∗ E
By using the unitary intensity, a wave can be normalized and the normalized linear x, y
polarized light, circular left-handed, right-handed, and an in general elliptical wave can be shown
by the Jones vector [41]
1
0
(TM wave) 𝐸𝑥 = [ ], (TE wave) 𝐸𝑦 = [ ] ..................................... (4)
0
1
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El =

1
√2

[

1
1 1
], E = [ ] .............................................................. (5)
−j r √2 j

E = ejϕ [

cos α cos β − j sin α sin β
] ............................................. (6)
sin α cos β + j cos α sin β

Here, α and β present the orientation of the semi-major and semi-minor axis of the elliptical
pattern in EM wave, respectively. In the next section, the use of a linearly-polarized wave in the
polarization CCD camera will be shown.
2.2 Particle detection:
The polarization CCD camera is used to monitor the weather, aerosol, and overall earth
atmosphere for a long time. This technology is known as a radiometer where the sunlight
polarization and its directionality are used to observe the earth’s atmosphere. An example of
such an instrument is POLDER (Polarization and directionality of the earth reflectance). A specific
object is imaged by a CCD camera at a different angle, wavelength and polarization orientation
axis in the POLDER instrument. In the Polder instrument, different wavelengths are used to
measure different objects. For example, visible light is used to observe aerosol and sea. On the
other hand, a NIR is used to observe cloud, vapor, etc. [42-45]
In the earth’s atmosphere, different particles scatter sunlight differently. As such, it’s scattered
light is unique and correlated to the scattering particle size and material. Due to this reason, this
technique is used to detect the PM2.5 micron particles in the earth’s atmosphere. The smaller
the size of the particle, the more health-threatening they are. As such, this PM2.5 particle
receives more attention than other size particles. Unlike the Polder instrument, this remote
sensing instrument is terrestrial and not orbital. The particle size of its scattered light intensity
relation is correlated. By using Strokes’ law, the output signal of a polarizer due to this incident
10

scattered light is determined and finally, the degree of linear polarization (DOLP) of this scattered
light is measured using three similar polarizers with a 60° angle difference in their polarization
orientation axis. In this way, particle size can be detected through its DOLP.
2.2.1 Particle size-scattered light relation:
Light scattering means the interaction between light with particle. The polarization, intensity,
phase, etc. of scattered light can reveal different properties of that particle. If the wavelength, 
is much bigger than the particle size, it is called Rayleigh scattering. On the other hand, if the
wavelength  is equal or smaller than the particle size then this is called Mie scattering. Assume
incident light is Io that scatters with a particle located at point Q. The light scattering is
omnidirectional. A part of scattered light is collected with a photodetector r distance from the
point Q and the photodetector is in  angle with the incident light direction. The collected
scattered light intensity is [43]
2 I

I(φ) = 8π2 ro2 [i1 (φ) + i2 (φ)] ....................................................... (7)
Here i1 (φ and i2 (φ)] are the perpendicular and parallel components of the scattered light. Their
pointing vector or scattered amplitude functions are
i1 (φ) = |S1 (φ)|2 ........................................................................... (8)
i2 (φ) = |S2 (φ)|2 ........................................................................... (9)
These scattering amplitude functions can be expressed in terms of scattering indices 𝑎𝑛 , 𝑏𝑛
and scattering angle function πn , τn .
2n+1

S1 (φ) = ∑∝n=1 n(n+1) {an πn cos(φ) + bn τn cos(φ)} .................. (10)
2n+1

S2 (φ) = ∑∝n=1 n(n+1) {an τn cos(φ) + bn πn cos(φ)} .................. (11)
11

These scattering indices an and bn are related to the diameter of the particle. If the diameter
is D, particle size parameter, σ = πD/, and particle refractive index to medium refractive index
is m, then according to half-integer order Bessel function and Hanker function, the relationship
between scattering amplitude function and particle size parameter is
an =

ψn (σ)ψ′n (mσ)−mψ′n (σ)ψn (mσ)
ςn (σ)ς′n (mσ)−mς′n (σ)ςn (σ)

bn =

mψn (σ)ψ′n (mσ)−ψ′n (σ)ψn (mσ)
................................................. (13)
mςn (σ)ς′n (mσ)−ς′n (σ)ςn (σ)

................................................. (12)

2.2.2 Strokes’ law and polarizer output:
The degree of linear polarization (DOLP) is related to the optical properties of the particle
measured through the scattered light. According to the Strokes’ law the output of a polarizer sp1
for scattered light input can be expressed as below: [44]
1

Sp1 = 2 nK[(T1 + T2 )I + (T1 − T2 )Q cos 2θ + (T1 − T2 )U sin 2θ] ....... (14)
where n is the transmission of optics beside polarizers, T1 , T2 are the principle transmittance of
the polarizers, K is the calibration coefficient (i.e. R11 , R12 , R13 ), and θ is the orientation of the
transmission axis of the polarizer. I, Q and U are the terms of Strokes’ law where I denotes the
light intensity by adding the 0° and 90° components of the light, Q is the difference between 0°
and 90° components of the light which indicates the light polarization state (i.e., x or y polarized
light). Similarly, U is the difference between 45° and -45° polarized light. The total Strokes’ law of
polarized light is given below [43]:
I(0° ) + I(90° )
I
I(0° ) − I(90° )
Q
[ ]=
............................................................ (15)
U
I(45° ) − I(135° )
V
[I(RCP) − I(LCP)]
12

The term V is to differentiate between left-handed and right-handed circularly polarized light.
For the case of radiometry, the light is plane polarized so V does not exist.
2.2.3 Degree of linear polarization (DOLP):
If sp1, sp2, and sp3 are three signals collected from these three polarizers, then the DOLP of
the particle is [45]
DOLP =
2

2

2η√R11 Sp1 2 +R12 2 Sp2 +R13 2 Sp3 −R11 R12 Sp1 Sp2 −R11 R13 Sp1 Sp2 −R12 R13 Sp2 Sp3
Sp1 +R12 Sp2 +R13 Sp3

........................... (16)

where R11 , R12 , R13 are calibration coefficients to correct the intensity response of the same
object viewed by different polarizers and η is to calibrate DOLP based on a known DOLP.
This is the theory behind particle detection by using the polarization CCD camera. The
instrumentation of this polarization CCD camera is already developed but the problem is the high
cost of the linear IR polarizer. The purpose of this research is to design a linear polarizer at low
cost with asymmetric transmittance in the infrared region and wide bandwidth to utilize more of
the sunlight spectrum. In this research, a diffraction grating or guided-mode-resonance (GMR)
based polarizer is designed and its theory of diffraction grating is explained below.
2.3 Diffraction grating:
The concept of GMR polarizer was reported in [22, 38]. As shown in ref [22], the GMR filter is
a combination of a diffraction grating and a waveguide. In the GMR filter, after the light is
incident on a grating structure, a part of it will be directly transmitted and another part will be
directly reflected and the last part will be diffracted in different directions. This diffracted light is
guided by the grating waveguide according to its grating waveguide shape and material. The

13

guided diffracted light will be re-diffracted due to the interactions with the grating, and
eventually, leak towards the incident medium/cover and transmitted medium/substrate. In the
case of transmission, if the re-diffracted wave and the initial directly transmitted wave are
matched in phase, there will be a resonance transmission at a specific wavelength. Similarly, if
the re-diffracted wave has phase matching with the initial directly reflected wave, there will be
also the resonance of reflection. In this research, a transmission type and a reflection type filter
are investigated to implement them as NIR polarizers. In this diffraction grating polarizer, the
waveguide theory, coupled-mode theory, and diffraction grating theory [46] are all working
together. First, the waveguide theory will be explained. Then, the effect of grating width
waveguide and the coupling theory will be discussed. Finally, the theory of guided-moderesonance (GMR) filter will be shown.
2.3.1 Waveguide
A waveguide is a passive device that guides the desired wave according to its material and
structure. For a waveguide, its guiding layer refractive index has to be higher than its surrounding
refractive index to ensure a total internal reflection. A basic waveguide structure is shown in
Figure 2.4(a). This figure shows the substrate, film (the guiding layer), and the cover/cladding
area of a waveguide. In Figure 2.4(b), the refractive indices of substrate, film, and cover are
shown. If the refractive indices of these three areas are ns , nf , and nc , respectively, and the
thickness of the guiding layer or film is T, there are two conditions to guide a wave through the
waveguide and these are
nc < ns < nf ................................................................................ (17)
T > Tcritical .................................................................................. (18)
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Cover

Waveguide film
Substrate
(a)

(b)

Figure 2.4 A waveguide structure (a) perspective view and (b) refractive indices at different
locations
According to the refractive index distribution, there are two types of waveguide. These are the
step-index and graded-index. In the step-index waveguide, the refractive index of its substrate,
film, and cover changes drastically. On the other hand, in the graded-index waveguide, this
change happens more gradually. For different applications, different waveguides are desired.
Another way to classify waveguide is by the number of guiding direction. There are two types, 2D
and 3D. In a 2D or slab waveguide, a wave can be guided in two directions, and in 3D or channel
waveguide, the wave is guided in only one direction. The waveguide used in this research is a
2D or slab waveguide and in terms of refractive index, it is a step-index waveguide. As such, the
theories related to waveguide are explained according to the 2D step-index waveguide.
Waveguide mode in ray optics:
In Figure 2.5, a side view of the waveguide with a guided ray is shown. A wave is guided through
a waveguide using the total internal reflection principle. According to the figure, a wave is
reflected in the film/substrate interface and again in the cover/film. The critical angle for the
film/substrate interface is θs and for the cover/film it is θc . These angles are expressed according
to Snell’s law as:
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n

θs = sin−1 ns ................................................................................ (19)
f

n

θc = sin−1 nc ............................................................................... (20)
f

𝜃𝑐

Cover
Guiding film

𝜃

𝜃
Substrate

𝜃𝑠

Figure 2.5 The ray guiding through a waveguide
After following the condition of refractive indices ( nc < ns < nf ), to guide a wave through the
film, the critical angle condition becomes θs < θ < 90o . After fulfilling this condition, the mode
is called the guided mode. The substrate radiation mode occurs when the angle range is θc <
θ < θs and if the angle is θ < θc , this is substrate-cladding radiation, and there will be radiation
in both cover and substrate.
Waveguide mode in wave optics:
The characterization of wave mode by using wave optics theory is more important for this
research since the scale of the analysis is comparable to the wavelength and the COMSOL wave
optics module is used to design the polarizer. In this characterization, propagation constant, β is
used to define different modes that propagate through the waveguide. Fig. 2.6 shows the wave
vector diagram used to analyze the propagation constant. As shown, the z-direction aligns with
the waveguide length. The wave propagates through this in a zig-zag path. The propagation
constant of the normal direction of the wavefront is k o nf , and the component of this
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propagation constant in the x- and z-axis are k x and k z , respectively. These components can be
expressed as:
k x = k o nf cos 𝜃 ......................................................................... (21)
k z = k o nf sin 𝜃 = 𝛽 .................................................................. (22)

𝜃

𝑘𝑥

𝑘𝑧

Figure 2.6 The wave-vector diagram
The purpose of making a waveguide is to guide waves towards its length or in this figure
towards the z-direction and the propagation constant in this axis is the actual propagation
constant which is defined as β. The term nf sin θ defines the effective refractive index, N. This is
a special refractive index of the waveguide film material that changes with its incident angle.
According to the guided mode condition, ns < N < nf . By calculating this effective refractive
index, it can be predicted whether a wave mode will be guided/leaked. In this research, it will be
shown how this effective refractive index for TE and TM wave will be different in the polarizer
structure.
Transcendental equation:
To design a waveguide for a desired wavelength and wave mode or to calculate any parameter
of the waveguide, it is important to calculate the refractive indices of the necessary materials and
the thickness of the waveguide. By using Maxwell’s curl equations and boundary conditions at
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the film-cover interface and film-substrate interface, a transcendental equation will be derived
which will carry all the information to design a waveguide. This transcendental equation for TE
wave is given below where the mode, m is an integer number, and for each TE mode number
(TE0, TE1... etc.) there is a unique electric field distribution pattern.
k

k

k x T = (m + 1)π − tan−1 (γx ) − tan−1 (γx ) .............................. (23)
s

c

where k x = k o √n2f − N2 , γs = k o √N2 − n2s and γc = k o √N2 − n2c .
Similarly, by using the wave equation and boundary conditions, the transcendental equation
for the TM wave is
2 k

n

2 k

n

k x T = (m + 1)π − tan−1 ( ns ) (γx ) − tan−1 ( nc ) (γx ) ........... (24)
f

s

f

c

The effective thickness of waveguide:
By analyzing the electric and magnetic field in different locations (i.e. cover, film & substrate)
of a waveguide, it is visible that at the cover-film boundary and film-substrate boundary, the
electric and magnetic field does not stop suddenly. It stops with exponential decay. For the case
of the electric field, the decay constant factor in the cover is 𝛾𝑐 and in the substrate is 𝛾𝑠 . By using
these exponential decay constants, the effective thickness of a waveguide for TE wave can be
calculated as
Teff = T +

1
γc

+

1
γs

....................................................................... (25)

Similarly, the effective thickness of the TM mode is
Teff = T +

1
qc γc

+

1
qs γs
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................................................................ (26)

N 2

N 2

N 2

N 2

where q s = (n ) + (n ) − 1 and q c = (n ) + (n ) − 1
s

f

c

f

Due to this effective thickness, there will be a lateral shift because the zig-zag path of the total
internal reflected wave will be wider than before. This lateral shift of the wave will be twice; once
at x=0 which is defined 2Zc and another is at x=-T defined as 2Zs . By using trigonometry, this
lateral shift can be also calculated. Figure 2.7 shows the decay of fundamental wave mode in the
cover and substrate. The white zig-zag path is the propagation of light if the thickness was exactly
T. On the other hand, the orange color zig-zag path is the propagation of light after considering
the effective thickness Teff . In each complete internal reflection, the two lateral shifts 2Zc and
2Zs are shown with red and green arrows, respectively.

X=0

T
2Zc

X=-T

2Zs

Teff

Figure 2.7 The effective thickness lateral shift in a waveguide
2.3.2 Coupled-mode theory:
Different optical devices are designed based on the coupled-mode theory. In diffraction
grating, its incident light is coupled to the bottom waveguide or substrate through the grating
structure from the top waveguide or incident medium. To understand the theory of diffraction
grating, it is important to know the theory of waveguide coupling. If two waveguides are brought
near to each other, there will be a power transfer between these two waveguides. For the case
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when only one waveguide carries a wave and the other waveguide without any propagating wave
are kept close to each other, the wave from the first waveguide will transfer to the second one
and again it will come back after a certain distance as shown in Figure 2.8. In this way, it will go
on until any of these waveguides are finished or the distance between them is increased. On the
other hand, if both of these waveguides carry two different wave modes, they will build a super
mode together.

Waveguide2

Waveguide1

Figure 2.8 Exchanging of wave in between two waveguide due to coupling
Assume there are two waveguides indicated as waveguides 1 and 2, the mode solutions of the
propagated wave in the first waveguide are
E1 = E01 (x, y)e−β1z ..................................................................... (27)
H1 = H01 (x, y)e−β1 z .................................................................... (28)
The mode solutions of the propagated waves in the second waveguide are
E2 = E02 (x, y)e−β2 z .................................................................... (29)
H2 = H02 (x, y)e−β2 z .................................................................... (30)
Due to the coupling between these two waveguides, a super mode will form. The super mode
is the summation of two individual waves and the solution of the super mode is
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E = A(z)E1 + B(z)E2 .................................................................. (31)
H = A(z)H1 + B(z)H2 ................................................................ (32)
The term A(z) and B(z) are the amplitudes of the first wave and second wave, respectively. It
can be seen from the super mode that the coupled-wave is a function of the z-direction. To know
about the coupled-wave or determine the amount of coupled-wave, the values of A(z) and B(z)
must be known. The equations expressing these two terms are called coupled-mode equations.
By using Maxwell’s curl equation and vector identity, the coupled-mode equations can be written
as
dA
dz
dB
dz

where 2∆= β2 − β1, k a =

= −jk a Be−j2∆z + jαa A............................................................ (33)
= −jk b Ae−j2∆z + jαb B ........................................................... (34)

k12 −c12 χ2
,
1−|c12 2 |

kb =

k21 −c∗12 χ1
,
1−|c12 2 |

αa =

k21 c21 −χ1
1−|c12 2 |

and αb =

k12 c∗12 −χ2
1−|c12 2 |

In these coupled-mode equations, the terms c12 and c21 are the mode coupling coefficients.
This defines the amount of exchanged power in between the two parallel waveguides. The other
term k1 or k 2 is the butt-coupling coefficient. This coupling happens if one waveguide starts near
the end of the other waveguide. Besides these coupling coefficients, there is another term that
defines the amount of change in propagation direction and is expressed as χ1 or χ2 . Fig. 2.9 shows
both the mode coupling and butt coupling.
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Propagation constant, β2

Butt coupling

Mode coupling
Propagation constant, β1

Figure 2.9 The mode coupling and butt coupling are shown in the same pair of waveguide
Based on coupled-wave propagation constant, three types of coupling are possible. These are
the co-directional, contra directional, and non-directional coupling discussed below.
Co-directional coupling:
In this type of coupling, both the waveguides have propagation direction in the same direction.
If the propagation constant of the waveguide is β1 > 0, the other waveguide’s propagation
constant is also β2 > 0. In this case, the mode is excited at one waveguide and this is the only
mode that goes back and forth to both of these waveguides, the solution of the coupled-mode
equation becomes,
jΔ

𝐴(z) = A0 [cos(ψz) + ψ sin(ψz)] e−j∆z , where ψ = √k 2 + Δ2 .......... (35)
jΔ

B(z) = A0 ψ sin(ψz)ej∆z ....................................................................... (36)
Contra-directional coupling:
This type of coupling happens if the propagation constant of the waveguide modes is totally
opposite to each other shown in Figure 2.10(a). Usually, this type of coupling does not happen
naturally between two waveguides. A periodic structure/grating (with period Λ) is added in
2π

between two waveguides and due to this, the mode coupling coefficient becomes k = k G e−j Λ z .
The couple-mode equations for this contra directional coupling are
dA
dz

2π

= −jk G Be−(β2 −β1 + Λ )z ............................................................ (37)
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dB
dz

2π

= −jk G Ae(β2−β1 + Λ )z .............................................................. (38)

Non-directional coupling:
In the case when the coupled-wave in a waveguide is neither in the direction of the other
waveguide or in its reverse direction, it is called non-directional coupling. A periodic structure or
grating in a tilted position is used to implement this type of coupling. The propagation direction
of the coupled-wave can be determined using vector analysis between the incident wave
propagation constant and the grating propagation constant. If the incident wave vector is defined
as k i , grating vector is k G , and coupled-wave vector k c , according to vector analysis, the
relationship of these vectors is shown in Figure 2.10(b).

Grating

Waveguide1

𝑘𝑐

Waveguide2

𝑘𝑖
𝑘𝐺

Figure 2.10 The use of grating to get (a) contra-directional coupling and (b) non-directional
coupling
2.3.3 Grating:
A grating structure is a periodic change of dielectric permittivity or refractive index. This
modulation of dielectric permittivity can be made inside a waveguide or on the top surface of a
waveguide. The first one is known as index modulation and the later one is called relief grating.
By using the grating in a waveguide, different types of optical components can be designed such
as the I/O coupler, mode converter, polarizer, filter, reflector, waveguide lens, etc. In this section,
different behaviors of the grating will be analyzed according to the couple mode theorem.
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Figure 2.11 shows a generic grating on top of a substrate. If there is a wave incident on the
grating and the propagation vector of this incident wave is 𝛽𝑎 , due to the change of its relative
dielectric permittivity, there will be a wave component produced by the grating. These are called
space harmonics and βa + qK where K is the grating vector that is normal to the grating length
and the value of K is

2𝜋
Λ

, where Λ is the grating period. If the waveguide carries a wave that has a

propagation vector βb , these two waves can be coupled with each other if they fulfill Bragg’s
condition given below. This equation for each diffracted wave or the value of q is called the
phase-matching condition.
βb = βa + qK ............................................................................. (39)

𝛽𝑎

Substrate
𝛽𝑏

Figure 2.11 A generic grating structure attached with a substrate
2.3.4 Guided-mode resonance:
The guided-mode-resonance filter is a combination of a diffraction grating and a waveguide.
At first, the grating diffracts the incident light. A part of the incident light directly transmits to the
substrate. Another part reflects the incident medium and the rest of the incident light is coupled
or guided inside the waveguide. The coupled-wave eventually leak towards the incident medium
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or substrate. The resonance between the directly transmitted and re-transmitted waves is the
transmission-type guided-mode resonance. On the other hand, a reflection-type GMR results if
the resonance is between directly reflected and re-reflected waves.

Grid width, FΛ

Spacing

Incident light

Period, Λ

Grid thickness

Substrate

(a)

Diffracted
light

(b)

Figure 2.12 A basic guided-mode resonance device showing (a) different parameters,
and (b) incident light diffraction within the device
A generic wire grid GMR is shown in Figure 2.12(a) where the wire-grid period (Λ), fill factor
(F), grid width (FΛ), spacing, grid length, and thickness are shown. The width (number of grid*Λ),
length (= grid length), and thickness of the substrate are also shown. This substrate and wire grid
together make a grating waveguide. In Figure 2.12(b), the diffraction of the incident light at the
grating region is shown where different colors represent different diffraction orders, q, or
diffraction angle, θq . The grating equation can be derived using Maxwell’s equation and TE/TM
mode incident wave [38, 45]. If the average dielectric constant of the grating is εavg , the dielectric
constant of the medium from where the incident light is merging is εinc , the incident angle is θinc ,
the diffraction angle of q th diffracted wave is θq , free-space wavelength is λo and grating period
is ⋀, the grating equation is given in equation (40) [22, 46]

25

√ εavg sin θq = √εinc sin θinc − q

λo
⋀

......................................... (40)

On the other hand, in a waveguide, the type of allowed mode depends on the waveguide
incident angle, width, and wavelength. In this case, the width and wavelength are constant and
the mode can be changed only by the incident angle. The effective dielectric constant changes
with the propagated mode. If a mode can propagate through a waveguide, effective dielectric
constant due to that mode is greater than the surrounding medium and less than the waveguide.
If the propagation constant of the wave is βq and the free space wavenumber is k o , the
waveguide requirement is [22, 46]
βq

√εinc ≤ | k | < √ εavg ................................................................. (41)
o

To fulfill the resonance, the diffracted wave will be the incident wave for the waveguide and
this diffracted wave will be incident at θq to the waveguide, the relation between propagation
constant and effective dielectric constant is given in equation (42) [22, 46].
βq
ko

= √ εavg sin θq ...................................................................... (42)

According to these three equations, the condition to obtain guided-mode resonance is [22,
45]
λ

o
√εinc ≤ |√εinc sin θinc − q ⋀ | < √ εavg ........................................... (43)

To design a guided-mode-resonance (GMR) device, this equation can be used to plot the
incident angle, θinc versus the normalized wavelength,

λo
⋀

graph. If the incident medium and

grating material are known, this plot can be used to select the period of the grating for the desired
resonance location after considering the effects of incident angle and diffraction order. In ref
[22], a graphical presentation of this grating equation is shown for a dielectric type material
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where only the real value of the dielectric refractive index was used since the imaginary value of
dielectric is low. In this research, this graph has been redrawn for both the Au wire grid and Si
wire grid designs. Especially for the case of the Au material, the imaginary value of its refractive
index is very high. As such, both the real and imaginary refractive indices of Au have been used
to replot the graph. For this research, this graph was not mandatory because the minimum
period is already known which is 1000nm period with 500nm wire width but to predict the
resonance location the grating equation graph has been drawn and later on compared with the
COMSOL simulation results.
To plot the graph of a grating equation, first the average dielectric constant needs to be
calculated and to do that, the fraction of grating material in the grating layer volume needs to be
calculated. If the refractive indices of the grating materials are nH + ik H and nL + ik L and the
fraction of high refractive index grating material in grating layer volume is f , the average dielectric
constant can be calculated by using following equation:[24]
navg + ik avg = f ∗ (nH + ik H ) + (1 − f) ∗ (nL + ik L ) ....................... (44)
To plot the graph of the grating equation for Au wire grid, first, the effective or average
dielectric constant of Au grating needs to be calculated. The Au refractive indices are obtained
from ref[47], where at 3µm wavelength the real value of the refractive index is 1.54 and the
imaginary value is 19. In this research, the initial fraction, f, is 0.5 for the 1000nm period and
500nm wire width. The presence of the substrate is ignored for simplicity, but to obtain an
accurate result, it should be included. These values change significantly with wavelengths and for
simplicity, this value has been taken into account since this is the highest value in the interested
wavelength band (0.5µm to 3.0µm). The average refractive index of the grating layer is
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sqrt(0.5*(1.54+19j)+0.5*1). By using these values and MATLAB coding shown in the Appendix,
the graph of the grating equation for the Au wire grid is shown in Figure 2.13 where the x-axis
represents λ/Λ , y-axis is for incident angle and different color regions correspond to different
diffraction orders. To minimize the reflection of the grating structure in this graph, a value of λ/Λ
should be selected where there is no diffraction or minimum diffraction. From this plot, if the
value of λ/Λ is larger than 1.1, there will be no diffraction. For the case of a 1000nm period, there
will be two bands of minimum diffraction, one in between 500nm to 1000nm wavelength and
another after the 1100nm wavelength. High transmittance will be visible in these two bands if
the zero-order transmission is high. Each of the regions will be widened if the fraction of Au
increases by increasing its width and thickness.

Figure 2.13 A graphical presentation of the grating equation for Au wire grating

Similarly, for the case of the Si wire grid grating, the average dielectric constant or the average
refractive index is first calculated. This has been done by calculating the fraction f of Si in the
grating layer. The presence of the substrate is not considered, but for an accurate result, this
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needs to be included. According to the minimum line width requirement, the minimum period is
1000nm, grid width is 500nm and that implies fraction of Si, f=0.5. The refractive index of the Si
is 3.45[48], the air is 1, so the average refractive index of the grating layer is 0.5*3.45+(10.5)*1=2.225. After using these values and MATLAB coding shown in the Appendix, Figure 2.14
is the graphical representation of the grating equation for Si wire with a 0.5 fill factor. Different
color regions of this graph show differently ordered diffractions for the corresponding incident
angle and λ/Λ. Normally at higher-order diffractions, there will be less amount of light. This
means the amount of light decreases if the diffraction order increases and the +/-1 diffracted
light which is shown in the red and blue color regions will have most of the diffracted light. To
maximize the reflection resonance, a value of λ/Λ at the middle of +/-1 diffracted light region
needs to be selected and according to this graph, this value is 1.6. In this research, the period is
known to be 1000nm, so the resonance location will be at about the 1600nm wavelength. The
scalability or the change of the resonance location towards a wider location for a wider period
can be explained by using this graph. The reason for designing a reflection type grating is that it
has an asymmetric transmission and if the resonance location is known, after that by changing
different parameters, this region will be made narrower and the transmission band on both sides
of this resonance location will be enhanced.
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Figure 2.14 A graphical presentation of the grating equation for Si wire grating
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CHAPTER THREE: COMSOL MODELING
3.1 Finite Element Method:
To design and optimize a device or process control to achieve the best performance, instead
of doing a lot of experiments, doing simulations according to the design and experiment list and
the experiment of the best result is more feasible and cost-effective. The Finite Element Analysis
(FEA) is such a simulation tool based on different physics theory or law. For example structural
mechanics, fluid dynamics, electrostatic, etc. These theories are in mathematical form. In the
case of the static electric field, Gauss’s law is used, for magnetic field Ampere’s law and for
electromagnetic propagation, the most useful theory is the set of Maxwell’s law. In this research,
the COMSOL simulation wave optics module has been used. The purpose of the FEA tool is to
apply these mathematical equations to the proposed design and solve it. These mathematical
equations are discretized, and by using discretized equations, a numerical model is built to
estimate the actual solution of the mathematical model. If there is a difference between the
mathematical solution and numerical solution, the error is the truncation error[49].
A mathematical model using partial differential equations is derived by different physics
theories, some boundary conditions, and initial conditions (for time-varying theory). In the
COMSOL simulation software, a periodic boundary condition is used which means the value to
an electric and magnetic field will be repetitive after a specific distance of the structure designed.
By applying these boundary conditions and initial values, the specific solution of the
mathematical model is obtained. There are different numerical models to discretize and find the
approximate solution of the mathematical model. For example finite difference, volume,
element, etc. are some common discretize methods. In the COMSOL finite element analysis,
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numerical methods are used. A function defined as u is a variable of a partial differential equation
(PDE). This can be discretized into elements and approximated by another function uh
numerically by using basis function ψi and a coefficient ui . The advantage of the FEA method is
there is freedom of discretization by selecting tests and functions according to convenience and
it can estimate the error[49]
𝑢ℎ = ∑𝑖 𝑢𝑖 𝜓𝑖 ................................................................. (45)
The ordinary differential equation expresses the derivative of the change of one dependent
variable for the other independent variable. If there is more than one independent variable, it is
called a partial differential equation (PDE). In physics, different laws are in the form of a partial
differential equation. In FEM at first, the PDE is formed which is then multiplied by test function
in Hilbert space to make it an infinite-dimensional function space. All test function space forms a
weak formulation discretized to form a numerical model. The discretization can be done by using
the Galerkin method. The basic function is the element of this Galerkin finite element
formulation. According to the geometry, the element can be triangular, rectangular in 2D
structure, and 3D it can be tetrahedral, pyramidal, hexahedral and prismatic. Using a system
matrix, the unknown coefficients are calculated after discretization and using boundary
conditions[49]
3.2 COMSOL model:
The simulation of the polarizer has been done by using the COMSOL wave optics module. By
using Maxwell’s equation, the electric and magnetic fields of the output port of the geometry
were calculated in the 3D model of the wire grid. These electric and magnetic fields were used
to calculate the transmittance of this wire grid polarizer at TE and TM incident wave conditions.
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Any optical system/device/structure with a scale comparable to the operational wavelength can
be designed in the wave optics module. Different linear-nonlinear optics, electro-optics, light
source, holographic data storage, OLED device, etc. can be designed using this module. Besides
these devices, the optical property of isotropic/anisotropic media, photonic crystal can be
obtained from the wave optics model.
3.2.1 Space dimension
There are three basic space dimension options for 3D, 2D (includes symmetric and asymmetric)
and 1D (included wire and dot) models. The simulation will take more time if the dimension is
bigger. To get a faster simulation, the simplest form of a model needs to figure out. For example
in this research, the effect of polarization is important and in this situation, a 3D model is
appropriate. In case a structure is not polarization-sensitive or polarization is not the interest, the
2D model is used. Figure 3.1 shows the 3D and 2D models for the same structure.

(a)

Figure 3.1 The (a) 3D and (b) 2D model of a wire grid on a substrate
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(b)

3.2.2 Domain of wave-optics module
In the wave optics module, there are four domains which are called beam envelop, frequency
domain, time explicit, and transient domain. The beam envelop domain is used, where instead
of one specific frequency. The simulation is done by using an envelope of EM wave where the
amplitude of waves varies very slowly. In the frequency domain, the simulation is done at one
or more specific frequencies. The time-harmonic wave equation is to determine the electric field
distribution. In this research, this frequency domain is used because the polarization is the
pattern of the electric field and the interest of this research is to see this electric field at different
frequencies or wavelengths. There are some other domains called the explicit domain and
transient domain that relates the time-dependent electric and magnetic field.
3.2.3 Physics
In the frequency domain, there are different study options such as adaptive frequency sweep,
boundary mode analysis, Eigen frequency, frequency domain, frequency domain modal, and
wavelength domain. In an adaptive frequency sweep study, the response of a structure at an
applied harmonic excitation is observed. In boundary mode analysis, the light mode size and
shapes in an optical component are determined. To determine the resonance frequency and
Eigenmode of a structure, the Eigen frequency study is needed. In the frequency domain, the
response of different frequencies in terms of transmission and reflection is observed. The
response is observed at different wavelengths for the wavelength domain. In this research, the
wavelength study is used since the concern is to do simulation at different wavelengths rather
than frequencies. Another study is called the frequency domain modal analysis. This study
includes the Eigen frequency study and modal analysis at different frequencies.
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3.2.4 Parameters
After selecting the space dimension, module, domain, and study, the next thing is to define the
different parameters related to the model. Figure 3.2 shows the parameter list that includes the
substrate and incident medium material refractive indices, an initial wavelength, and its
corresponding frequency, the incident and refracted angle, and a generic constant to define the
geometry. These parameters are changed as needed later on. In this research, the value of the
wavelength and its corresponding frequency were changed because the simulations were for a
band of wavelengths instead of a specific wavelength. The refractive indices are necessary to
determine the refraction angle using Snell’s law shown in Figure 3.3. According to the parameter,
the Snell’s law is as below
na sin(alpha) = nb sin(beta) ..................................................... (46)

Figure 3.2. The parameter table and their initial values used in the simulation
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alpha
na

nb
beta

Figure 3.3 The angle of refraction according to the Snell’s law
3.2.5 Geometry
In the geometry section, different basic shapes are used to draw a model. In 3D, the basic
shapes are block, cone, cylinder, sphere, etc. and in 2D, the basic shapes are square, rectangle,
ellipse, circle, etc. Besides these shapes, there are also lines, points, polygons, etc. In the case of
drawing a complex geometry, different Booleans and partitions are used. In this research, both
the designs are rectangular wire on top of a rectangular substrate and covered by a rectangular
medium shown in Figure 3.4.

Figure 3.4 A generic wire grid with substrate and cover
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3.2.6 Materials
After the geometry is defined, materials for different sections of the geometry are defined
from the material library. In the material library, there are different materials according to
different applications. For example, in built-in material, all material refractive indices at different
wavelengths are included. Besides this, there are liquid and glasses sections, MEMS, optical,
piezoelectric, piezo-resistivity, etc. A user-defined material and blank material options are
provided to define a material with the desired property and its value. In this research, an Au and
Si wire grid are used. In the first wire-grid structure, a light-no light pattern can be created in
terms of the refractive index since Au has a high extinction coefficient [47] at visible light and
high reflectance at IR light which causes no light transmission through it and the silica glass has a
low RI which allows the light transmission. On the other hand, for the case of the Si wire, a high
RI-low RI can be created because the refractive index of Si is 3.48 [48] which is high and the area
beside the grid is air which has a low RI. Figure 3.5 shows an Au wire grid. The other two materials
of this research are air and silica glass. The refractive indices of these two materials are kept
constant at 1 and 1.45, respectively.

Figure. 3.5 Defining wire grid area as Au from built-In material section
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3.2.7 Boundary conditions
After the geometry and material selection is done, the physics needs to be defined. There are
different types of boundary conditions available. For example, perfect electric, perfect magnetic,
impedance, electric field, magnetic field, transition boundary, scattering boundary, etc.
According to the geometry shown in Fig. 3.6, instead of the whole structure, a unit cell is used
for the simulation. The whole structure is the array of this unit cell. To represent the array, the
periodic boundary conditions were applied to this unit cell. In Figure 3.6, the opposite edge pair
of the geometry is shown as periodic to each other. There are three types of periodic boundary
conditions, continuity, periodicity, and Floquet. In this research, the continuity periodic boundary
is used.

Figure 3.6 Continuity period boundary has been defined to
the opposite edge pair of the geometry
3.2.8 Input/output ports
The incident light is applied to the input port of the geometry and the final transmittance of
the structure is collected from the output port. The input port is at the top of the structure and
the output port is at the bottom of the structure as shown in Figure 3.7. These ports are periodic
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and the input port is excited by a 1W input power. This power indicates the incident light or wave
intensity. The output port excitation is not applied since there is just one input. Both the elevation
angle of the incident and the azimuth angle of the incident are 0 degrees. These two angles define
the input light position. All the simulations were done using the same position of the incident
light. The polarization of the input and output light is defined using Jones’s vector. In TM and TE
wave, their polarization matrices are [1, 0, 0] and [0, 1, 0] respectively.

(a)

(b)

Figure 3.7 The (a) input and (b) output port of the model
To obtain accurate results, the diffraction order is calculated in each port because in this
research the minimum feature size is 500nm, which is wide enough to cause higher light
diffraction. In the case of zero diffraction order, only the light that goes straight is calculated. By
including higher diffraction orders, the transmission will be less than the zero-order transmission
because higher-order diffraction increases reflection. For a 1000nm period, the calculated
number of diffraction orders in each port is 81, including the zero-order diffracting. This value
increases up to 121 diffraction orders for the 1400nm period. To obtain realistic results, all these
higher diffraction orders were included.
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3.2.9 Mesh
After the physics of the simulation is defined, the mesh element size and shape need to be
defined next. There are two options; physics-controlled mesh and user-defined mesh. In this
research, the user-controlled mesh was used where the user could change the mesh element size
and shape according to one’s desire. There are different shapes for mesh elements. For example,
tetrahedral, triangular, etc. In this model, the opposite boundaries are periodic and this
periodicity should be reflected in the mesh structure. To do that, the mesh structure of one of
the boundaries of each pair of a periodic boundary is defined triangular and then copied this
boundary towards its opposite boundary. In the frequency domain, the mesh size should be a
fraction of the wavelength and needs to be less than the minimum feature size. In this research,
the wavelength is a variable defined as ‘lamo’ in the model parameter section. According to this
calculation, the mesh element size can be defined as lamo/6 as or less than that to make sure
the mesh element size is less than the minimum feature size of 500nm. To avoid this complexity,
a predefined ‘Fine’ mesh element size has been selected. Figure 3.8 shows the model after
defining its mesh.

Figure 3.8 The model after defining its mesh
40

3.2.10 Study
In this research, instead of a specific wavelength, a band of wavelength has been used for
simulation. The wavelength range is from 500nm to 3500nm (with a 10nm resolution) and this
covers the visible and near-infrared wavelength band. Parametric sweep simulations can be done
for design optimization. In this section, the desired parameter (i.e., period or wire width or
thickness or incident angle) can be selected and their range can be defined. The problem is time
and memory utilization if the simulations for different parameter values are performed. To avoid
this, instead of a parametric sweep, individual simulation for different values of the period, wire
width, and thickness are performed.
3.2.11 Plot
After the simulation is run, a 1D plot is drawn using the absolute values of the s-parameter
(scattering matrix) of the output port. The s parameter is the scattering matrix defined in Figure
3.9. Assume there is a black box that represents any optical device or structure, there are
different numbers of ports (not the port defined in the COMSOL model) which are the outlet of
that black box to interact with the outside. Some ports are going into the black box defined as
a1 , a2 , and some ports are outgoing defined as b1 , b2 . All of these inputs and outputs can be
related through a scattering matrix in the equation. The scattering matrices represent different
coefficients of the transmission or reflection of these outlet ports. If this black box is replaced by
the polarizer structure, then S11 is the reflection coefficient, S21 is the forward transmittance,
S12 reverse transmission gain, and S22 is the output reflection coefficient. In this research, the
reflection coefficient S11 and the transmission coefficient S21 are of interest since there is only
one input that means either this input will transmit or reflect. To plot the transmittance of this
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structure, the absolute value of the element S21 is used, and in the COMSOL, this is defined
as abs(S21 )2
[

a1
b1
S S
] = [ 11 12 ] [ a ] .................................................................. (46)
S21S22
b2
2

a1

a2
Optical structure
b2

b1

Figure 3.9 The input scattering matrix
Each simulation was performed for the TM wave and then the TE wave. Figure 3.10 shows the
transmittances for the Au wire grid polarizer of 1000nm period, 500nm wire width, and 400nm
thickness. These two simulation results are exported and saved as a csv file. Later on, by using
the MATLAB, these two results are plotted together as shown in Figure 3.11.
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TE wave

Transmittance

Transmittance

TM wave

(b)

(a)

Wavelength, um

Wavelength, um

Figure 3.10 The transmission of the structure for (a) TM wave, and (b) TE wave

Figure 3.11 The transmission plot of the structure for TE and TM wave in MATLAB
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CHAPTER FOUR: SIMULATIONS AND RESULTS
In this research, two types of wide bandwidth, high transmittance, and submicron featured NIR
polarizers have been designed. In this chapter, the simulation results of this research are shown.
The modeling procedure is mentioned in the previous chapter. The purpose of these simulations
is to optimize the diffraction grating structures to obtain a high asymmetric transmittance, wide
bandwidth, and high extinction ratio (ER) with a minimum feature size of 500nm. To optimize the
structure, the wire width, spacing (or period), and thickness have been changed. Since the
minimum featured size is 500nm, this is chosen for the initial value of wire width and spacing for
the simulations. The proposed designs for both the Au and Si wire grid polarizers are shown in
Figure 4.1. Their variable parameters are indicated in this figure. First, the optimization of the Au
wire-grid transmission-type polarizer is performed, this is followed by the optimization of the Si
wire-grid reflection-type polarizer.
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Figure 4.1 The proposed design (a) the perspective view of 3*3 array (b) front view of a unit sell,
(c) top view of a unit cell
4.1 The Au wire grid
The first proposed design is a transmission-type guided-mode-resonance filter-based polarizer
with an Au wire grid on a silica glass substrate and a silica glass cover. The periodic dielectric
variation is created due to the high absorbance at visible and high reflectance at infrared
wavelengths of the Au wire grid and a low refractive index of air. A high transmittance occurs at
the resonance location and by changing its parameters, this resonant transmission can be
increased along with very wide bandwidth and a moderate extinction ratio. The optimization
simulations are discussed below.

45

4.1.1The effect of period
According to scalability, the resonance location moves towards the larger wavelengths (or
lower frequencies) as the period increases. To examine this effect, a transmission-type Au gridwire polarizer with a grid width of 500nm and a thickness of 400nm is used. Since the cover and
substrate material is silica glass, the Au grid wires are submerged in the silica glass. The silica
glass has a refractive index of 1.45 and a high transmittance for the IR wave. The simulation
results for periods of 1000nm, 1200nm, and 1400nm are shown in Figures 4.2(a) to (c),
respectively. As shown, the peaks for both the TM and TE waves move towards a larger
wavelength as the period increases. In the case of the TM wave, the transmittance is nearly
constant at 95% but the TE wave transmittance increases as the period increases or the spacing
becomes larger.
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(b)

(a)

(c)

Figure 4.2 The TE/TM incident wave transmittance for Au wire of (a) 1000nm,
(b) 1200nm, and (c) 1400nm periods
4.1.2 The effect of wire width
In previous simulations, both the TE and TM waves display good transmittance. To make it a
good polarizer, either the TM or TE transmittance has to reduce. In this section, simulations for
different wire widths are performed to obtain an asymmetric transmission. The wire thickness
is maintained constant at 400nm. At first, the simulations were performed for wire widths of
300nm, 500nm, and 700nm with a 1000nm period. The results are displayed in Figures 4.3(a) to
(c), respectively. As shown, the TE wave transmittance diminishes for the 700nm wire width while
the transmittance of TM wave is more than 90%. Moreover, the TM wave transmission band
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becomes sharper because the wider width reduces the zero-order transmission. No additional
simulations were performed for the wire grid period of smaller than 1000nm. Instead, the wire
width is maintained constant at 700nm and the period varies from 1200nm and 1400nm. The
simulation results are shown in Figures 4.3(d) to (e). As can be seen, the TE wave transmittance
begins to increase but the overall transmittance results for the 700nm wire width and 1200nm
period is still better to satisfy the minimum feature size requirement.
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(b)

(a)

(c)

(d)

(e)

Figure 4.3 The TE/TM incident wave transmittance for Au wire of (a) 300nm, (b) 500nm, and (c)
700nm wire width with 1000nm period and (d) 700nm wire width with 1200nm period, and (e)
700nm wire width with 1400nm period
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4.1.3 The effect of wire thickness
According to the simulations of period and wire width, the best polarization effect is
determined at a 1200nm period and 700nm wire width. These two values are used to determine
the best thickness for this design. The simulation results for different thicknesses are shown in
Figures 4.4(a) to (f) for thicknesses of 100nm, 300nm, 400nm, 500nm, 700nm, and 900nm,
respectively. For the case of a 100nm thick wire grid, both the TE and TM wave transmittances
are around 50-60% with no polarization effect. The 300nm thick wire grid polarizer displays a
polarization effect with a very low ER. The ER increases as the wire grid thickness increases. At a
500nm thick wire grid, the ER at resonance location or 2400nm wavelength is around 300. This
value increases gradually up to 770 at 3500nm wavelength for this 500nm thickness. The 700nm
and 900nm thick wire grid polarizers have ERs of 103 to 105 beyond the 1700nm wavelength.
Note that as the wire grid thickness increases, the peak shifts towards longer wavelengths.
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(b)

(a)

(c)

(d)

(f)

(e)

Figure 4.4 The TE/TM incident wave transmittance for Au wire of (a) 100nm, (b) 300nm, (c)
400nm, (d) 500nm, (e) 700nm, and (f) 900nm thickness
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4.2 Si wire grid
The second polarizer design is a Si wire-grid based reflection-type guided-mode-resonance
based polarizer. Si has high transmittance in infrared light but by using the Si-air periodic
dielectric variation, this grating is used because Si has a high refractive index of 3.45 and air has
a low refractive index of 1.0. According to the reflection-type GMR filter, the TE wave has a low
transmittance and its TM wave has a high transmittance with a high reflection at the resonance
location. The target optimization is to make this resonance location narrow to enhance the TM
transmittance and keep the TE transmittance low. All the optimization simulations are explained
below.
4.2.1 The effect of the period:
Figure 4.5(a) shows the simulation result for a 1000nm period with a constant wire width of
500nm and a wire thickness of 300nm. The cover is air and its substrate is the silica glass. For TM
wave, its resonance location is at 1750nm for a 1000nm period and it moves towards a wider
wavelength and becomes narrower if the period increases as shown in Figures 4.5(b), (c) and (d),
respectively. At a 1600nm period, the resonance reflection disappears. The TE wave has a
moderately high transmittance at the wire grid period of 1000nm and it decreases for wire grid
periods of 1200nm and 1400nm and again starts increasing at a wire grid period of 1600nm.
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(a)

(b)

(c)

(d)

Figure 4.5 The TE/TM incident wave transmittance for Si wire of (a) 1000nm,
(b) 1200nm, (c) 1400nm, and (d) 1600nm period
4.2.2 The effect of wire width
According to previous simulations, a narrower reflection resonance with a low TE
transmittance was achieved when the wire grid period is 1400nm. By holding the period constant,
the simulations for 500nm, 700nm, and 900nm wire widths were performed to observe the
effects of wire width and the results are shown in Figures 4.6(a), (b) and (c). The wire thickness
is 300nm. The cover is air and the substrate is the silica glass. According to the simulation results,
both the TE and TM wave transmittances become higher with increasing wire width because Si
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itself has a high transmittance for NIR and infrared wavelengths. The wider Si cannot block the
wave transmission but acts as an open area for near-infrared wave.

(a)

(b)

(c)

Figure 4.6 The TE/TM incident wave transmittance for Si wire of (a) 500nm, (b) 700nm,
and (c) 900nm wire width with 1400nm period
4.2.3 The effect of thickness:
In this section, the effects of different wire grid thicknesses on the TE and TM wave
transmission are reported. Figure 4.7(a) to (d) show the simulation results for wire thicknesses of
100nm, 300nm, 500nm, and 700nm, respectively. The wire period and wire width were kept
constant at 1400nm and 500nm, respectively. For the 100nm thick wire, both its TE and TM waves
54

penetrate through the structure due to its low thickness. For the 300nm thick wire, a reflection
resonance is visible in the TM wave transmittance at a wavelength of 2000nm with a low TE
transmittance. For 500nm and 700nm wire thicknesses, the reflection resonance of the TM wave
moves to wider wavelengths with an increase in visible wavelength transmittance. On the other
hand, the transmittance of the TE wave increases because Si itself has a high transmittance.

(a)

(b)

(c)

(d)

Figure 4.7 The TE/TM incident wave transmittance for Si wire of (a) 100nm, (b) 300nm, (c)
500nm, and (d) 700nm thickness
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CHAPTER FIVE: DISCUSSION
In this research, a transmission-type and a reflection-type GMR filter-based polarizers are
investigated. The transmission-type polarizer is based on the Au wire grid while the reflectiontype polarizer is based on the Si wire grid. A high transmittance for the TM wave and a low TE
wave transmittance with very low sidebands on both sides are observed for the Au wire-grid
polarizer. By changing parameters of this transmission-type polarizer, its resonant transmission
enhances and widens with a TM wave transmittance. On the other hand, a high reflection in the
transmission of the TM wave is observed for the Si wire-grid polarizer. This reflection-type
polarizer has very noisy sidebands that must be removed before it can be used as a polarizer.
Optimization simulations were performed to reduce the resonant reflection while keeping a low
TE wave transmission. In this chapter, a comparison of different near IR polarizers is followed
after discussions of the Au and Si wire-grid polarizers. A new phenomenon of cavity resonance
was observed for the Au wire-grid polarizers with a thick Au wire.
5.1.1 The Au wire grid TM polarizer:
The optimized Au wire-grid polarizer has a wire period of 1200nm and a wire width of 700nm
as shown in Figure 5.1. To achieve a high transmittance and a wide bandwidth in the NIR region,
different structural parameters are investigated. The resonance location of the TM wave
transmission moves to wide wavelengths as the wire period increases while the TE wave
transmission reduces by increasing the wire width. The extinction ratio increases by increasing
the wire grid thickness but its resonance location moves to wider wavelengths. The thicker wire
grid thickness increases the average dielectric of grating in the grating equation. This yields more
diffraction orders in the lower or existing resonance location and that is how this resonance
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location moves to wider wavelengths. The best Au wire-grid polarizer has a 1200nm wire period,
a 700nm wire width, and a 500nm wire thickness with a silica glass cover and substrate. Figure
5.1 shows the transmittance of the optimized Au wire-grid GMR polarizer. As shown, the
resonance peak is located at a wavelength of 2400nm with a larger than 1000nm bandwidth, a
95% transmittance, and an extinction ratio of around 300. The 500nm spacing between the wire
grids is wide enough to allow a moderate amount of zero-order transmission beyond the
resonance. As such, there is a transmission tail after the resonance transmission. By increasing
its wire width, the TM transmittance becomes sharper but for this research, a wider bandwidth
gives the advantage of using it a polarizer for PM2.5 particle detection.

Figure 5.1 Transmittance of optimized Au wire grid GMR polarizer showing
resonance peak and its bandwidth
5.1.2 The Si wire grid TM polarizer
Figure 5.2 shows the transmittance of the optimized Si wire-grid GMR polarizer showing
transmission on both sides of the reflection resonance located at 2050nm. The transmission
band from 1500nm to 1950nm has a 40% transmittance while the transmission band from
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2100nm to 3500nm has a more than 95% transmittance. The resonant reflection peak moves to
wider bandwidths as the wire period increases. This is because the average grating dielectric
constant increases in the grating equation and this leads to even more diffraction. The reflection
resonance peak is wider when the wire periods are smaller. The wire width does not have much
effect on the TM transmission but TE transmittance increases significantly. A similar trend on the
TE transmission is also observed as the wire grid thickness increases. For the TM transmission,
the resonance peak becomes wider and moves to larger wavelengths as the wire thickness
increases. This TM transmission trend follows the grating equation but the TE transmission trend
follows the Si waveguide theory. Moreover, each individual Si wire grids become a waveguide to
increase the TE transmission.

Figure 5.2 Transmittance of optimized Si wire grid GMR polarizer showing transmission
bandwidth on both sides of the reflection resonance located at 2050nm
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5.1.3 The comparison of near IR polarizer:
Table 1 shows a comparison among different polarizers. In ref [31], Dai et. al. designed a NIR
polarizer that has a high transmittance and very wide bandwidth but both the wire period and
wire width are the smallest in this comparison. Sakat et. al. [32] reported a NIR polarizer that
had a narrower bandwidth and the lowest transmittance in this comparison but it had the widest
period and its wire width was narrower. In ref [36], Lee et. al. reported a NIR polarizer that has
the highest transmittance, narrowest bandwidth, and micron period but the wire width is in the
nanometer range. On the other hand, both the NIR polarizers in this research have a micron-sized
period and a submicron wire width with very wide bandwidth and excellent transmittance. The
Au wire-grid polarizer has clean sidebands and a good extinction ratio compared to that of the Si
wire-grid polarizer.
Table 5.1: Comparison of near IR polarizers
Reference

Wavelength
range

Bandwidth

Peak
Transmittance

Grating
period

Grating
width

[31]

1-8um

7um

95%

280nm

170nm

[32]

2.75-3.25um

0.5um

80%

2110nm

200nm

[36]

1.45-1.75um

0.3um

100%

976nm

264nm

New Si wire
grid

1.3-1.9um &
2.1-3.5um

1st
BW:0.6um

1st BW:40%

1400nm

500nm

1200nm

700nm

2nd BW: 95%

2nd BW:
1.4um
New Au wire
grid

2.2-3.2um

1um

95%
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5.2 The wire width effect of Au polarizer:
In this research, the wire grid width of the Au polarizer is investigated to yield an asymmetric
transmission of light. For a 500nm wire grid, both the TE and TM waves display a high
transmittance. Increasing the wire width makes the wire grid spacing becomes narrower and
suppresses the TE transmittance to achieve asymmetric transmission. Figures 5.3(a)-(d) show
the effects of wire width on the electric field mode for the zero-order transmission of TE wave.
The cross-section (i.e., the xz-plane) of two adjacent Au wire grids is shown where light
propagates in the negative z-direction. Note that the e-field of the TE wave in the y-direction is
not shown in these figures. The polarizer has a wire period of 1200nm and a wire thickness of
400nm with a silica glass cover-substrate. As shown, as the spacing between the wire grids
becomes smaller, the electric field pattern becomes narrower in the spacing region. This effect
is similar to the metal-waveguide in the y-direction (this is not the grating waveguide). The
amount of the guided wave in this imaginary waveguide in the y-direction depends on the width
and thickness of the wire width or spacing. Similarly, the electric field pattern of the TE wave of
the actual structure also depends on the spacing width and thickness.
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Figure 5.3 The E-field pattern on the cross-section of two Au wires (with a constant period
1200nm) of (a) 300nm, (b) 500nm, (c) 700nm, and (d) 900nm wire width
5.3 The wire thickness effect of Au polarizer:
To investigate the effects of wire grid thickness, simulations were performed for a constant
wire period of 1200nm and a wire width of 700nm as the grid thicknesses change from 400nm,
600nm, 800nm to 1000nm. Figure 5.4 shows the TM wave transmittance. As shown, for a certain
wire period, a lower cut off wavelength is predicted by the grating equation. The resonance peak
with the upper cutoff wavelength moves to a higher wavelength as the wire grid thickness
increases. This can be explained by using the waveguide theory, and as mentioned earlier, the
grating waveguide is located laterally as shown in Figure 5.5. The diffracted light is trapped inside
this lateral waveguide and it interacts with the grating repetitively until it is completely leaked
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towards the substrate (as a re-transmitted wave) or incident medium (as a re-reflected wave). In
this grating waveguide, if the grid thickness increases, the grating waveguide thickness increases.
In the waveguide section, it was shown that a wider waveguide can guide waves of higher
wavelength and this increases the upper cutoff wavelength of the polarizer transmission
bandwidth.

Figure 5.4 The effect of thickness on TM wave transmittance

Figure 5.5 The 3D view of wire-grid showing possible light propagation direction
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During the analysis of resonance peak shift, an additional resonance peak appears in the
transmission band for wire grid thickness of greater than 800nm. Figure 5.6 shows the
transmission for a grating of 1200nm period, 700nm wire width, and 1000nm wire thickness. As
shown, the first peak at the 2µm wavelength is the new peak due to the cavity resonance and
the peak at 3.7µm is the GMR transmission peak. Figure 5.7(a) and (b) show the electric field
pattern for the cross-section of the two wire grids at 2µm and 3.8µm, respectively in case of TM
wave. In Figure 5.7(a), the cavity resonance was built by a strong electric field in the middle of
the spacing between two adjacent wires. The corners of the wire grid also have a stronger electric
field strength due to the higher diffraction. The electric field pattern of the GMR peak at 3.7µm
wavelength shown in Figure 5.7(b) has a stronger electric field located at the corner of wire grids
due to the diffracted waves.

Figure 5.6 The TM transmittance showing cavity resonance and GMR resonance
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(a)

(b)

Figure 5.7 Cross-section views showing the electric field patterns at (a) 2µm wavelength
corresponding to cavity resonance, and (b) 3.8µm wavelength corresponding to the GMR
To observe the characteristics of this cavity resonance, simulations from 1500nm to 3500nm
wavelength range for a constant period but different wire widths and thicknesses were
performed. In these simulations, only TM incident light was used. The wire widths varied from
300nm, 500nm, 700nm, 900nm, to 1100nm. Figures 5.8(a) to 5.8(e) show the simulation results.
In these simulations, the period was 1200nm and thickness was 1000nm. The total height of the
glass substrate and cover together was 3500nm and glass cover/substrate width followed the
constant period. As can be seen, the cavity resonance moves to a wider wavelength with a
decrease in the transmittance if the wire width increases.
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(a)

(b)

(c)

(d)

(e)

Figure 5.8 The TM transmittance showing cavity resonance at (a) 300nm, (b) 500nm, (c) 700nm,
(d) 900nm, and (e) 1100nm wire width
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To investigate the effect of wire thickness on cavity resonance, the wire thickness was changed
to 700nm, 900nm, 1100nm, 1300nm, and 1500nm at a constant wire width of 700nm and a
period of 1200nm. Again, the total height of the glass substrate and cover together was 3500nm
and glass cover/substrate width followed the constant period. Figures 5.9(a) to 5.9(e) show the
simulation results. As can be seen, the cavity resonance moves to a larger wavelength and
becomes wider at a larger grid thickness with a concomitant increase in transmittance.
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(a)

(b)

(c)

(d)

(e)

Figure 5.9 The TM transmittance showing cavity resonance at (a) 700nm, (b) 900nm, (c)
1100nm, (d) 1300nm, and (e) 1500nm wire thickness
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CHAPTER SIX: CONCLUSION
The primary objective of this research was to design a reduced cost linear NIR polarizer. By
using a guided-mode-resonance phenomenon, an Au wire grid-based transmission-type and Si
wire-grid reflection-type GMR polarizers were designed. The Au wire-grid polarizer has a 95%
transmittance at 2400nm wavelength with a bandwidth of larger than 1000nm and an extinction
ratio (ER) of around 300 with low sidebands. The ER could be increased by increasing the
thickness of the grids or by using a multi-stack structure. On the other hand, the Si wire grid
polarizer has two transmittance bands. The 1500nm-1950nm wavelength band has a 40%
transmittance and a 500nm bandwidth while the greater than 2000nm wavelength band has
more than a 95% transmittance. The problem of this polarizer is its ER is not consistent and it has
very noisy sidebands.
The minimum feature size for polarizers is 500nm which is large compared to other reported
work [32, 36, 37]. This relatively larger feature size fulfills the requirement for processing using
the cheaper microfabrication rather than the expensive nanofabrication. This research also
identifies the presence of a cavity resonance for the Au wire-grid polarizer with a wire thickness
of greater than 800nm. Another contribution of this work is the successful COMSOL simulations
using higher diffraction orders for polarizers. In general, the wire-grid polarizer simulation was
performed using only zero-order or only the first few higher diffraction order transmission. It was
found that the grating structure is sensitive to the incident angle from the grating equation plots.
All simulations in this research were performed using normally incident waves.
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APPENDIX
clc;
clear all;
close all;
y = 0:0.05:90;
x = 0:0.002221:4;
[x,y] = meshgrid(x,y); % create a grid
colormap([1 0 0;0 0 1])
% ineq = sind(y)+x >= 1; % some inequality
% f = double(ineq);
% surf(x,y,f);
% view(0,90)
cond1 = sind(y)+x >= 1; % check conditions for these values
cond2 = sind(y)+x <= sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5);
cond1 = double(cond1); % convert to double for plotting
cond2 = double(cond2);
cond1(cond1 == 0) = NaN; % set the 0s to NaN so they are not plotted
cond2(cond2 == 0) = NaN;
condx1 = cond1.*cond2; % multiply the two condaces to keep only the common points
surf(x,y,condx1,'FaceColor','r', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
hold on
cond3 = sind(y)-x <= -1;
cond4 = sind(y)-x >= -sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5);
cond3 = double(cond3);
cond4 = double(cond4);
cond3(cond3 == 0) = NaN;
cond4(cond4 == 0) = NaN;
condx2 = cond3.*cond4;
surf(x,y,condx2,'FaceColor','b', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
hold on
cond5 = sind(y)*0.5+x >= 0.5; % check conditions for these values
cond6 = sind(y)*0.5+x <= (sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5))/2;
cond5 = double(cond5); % convert to double for plotting
cond6 = double(cond6);
cond5(cond5 == 0) = NaN; % set the 0s to NaN so they are not plotted
cond6(cond6 == 0) = NaN;
condx3 = cond5.*cond6; % multiply the two condaces to keep only the common points
surf(x,y,condx3,'FaceColor','g', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
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hold on
cond7 = sind(y)*0.5-x <= -0.5;
cond8 = sind(y)*0.5-x >= -(sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5))/2;
cond7 = double(cond7);
cond8 = double(cond8);
cond7(cond7 == 0) = NaN;
cond8(cond8 == 0) = NaN;
condx4 = cond7.*cond8;
surf(x,y,condx4,'FaceColor','y', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
hold on
cond9 = sind(y)*0.33+x >= 0.33; % check conditions for these values
cond10 = sind(y)*0.33+x <= (sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5))/3;
cond9 = double(cond9); % convert to double for plotting
cond10 = double(cond10);
cond9(cond9 == 0) = NaN; % set the 0s to NaN so they are not plotted
cond10(cond10 == 0) = NaN;
condx5 = cond9.*cond10; % multiply the two condaces to keep only the common points
surf(x,y,condx5,'FaceColor','c', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
hold on
cond11 = sind(y)*0.33-x <= -0.33;
cond12 = sind(y)*0.33-x >= -(sqrt((0.5*(1.54+19*1i)*(1.54+19*1i))+0.5))/3;
cond11 = double(cond11);
cond12 = double(cond12);
cond11(cond11 == 0) = NaN;
cond12(cond12 == 0) = NaN;
condx6 = cond11.*cond12;
surf(x,y,condx6,'FaceColor','m', 'FaceAlpha',0.5, 'EdgeColor','none')
view(0,90)
hold on
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